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Excitons in one-dimensional narrow gap semiconductors of anti-crossing quantum Hall edge states
are investigated using a bosonization method. The excitonic states are studied by mapping the
problem into a non-integrable sine-Gordon type model. We also find that many-body interactions
lead to a strong enhancement of the band gap. We have estimated when an exciton instability may
occur.
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One-dimensional (1D) narrow gap semiconductors can
be realized in anti-crossing quantum Hall edge states1
and nanotubes2. The gaps in these systems are single
particle gaps and not many body gaps. Theoretically,
they provide the unusual condition that the bare band
gap t is much smaller than the characteristic Coulomb
energy scale Ec. Moreover, strong quantum fluctuations
are present in these systems, reflecting the 1D charac-
ter. The ground state of these systems may be unstable
against the spontaneous formation of excitons if the ex-
citon binding energy exceeds the band gap3,4. In three
dimensional semiconductors excitons can be treated suc-
cessfully by solving the Bethe-Salpeter equation4. How-
ever, in the strong coupling regime of 1D systems, the
perturbative approaches are not expected to be reliable
due to large quantum fluctuations. If the Coulomb scale
is much larger than the gap one might naively expect that
exciton instability would occur. However, this simple
picture neglects screening which is expected to be large
due to the smallness of the gap. It is unclear whether a
bound state of an ”electron” and a ”hole” can exists in
the presence of strong quantum fluctuations. Not much
is known about the physics of excitons in 1D narrow gap
semiconductors.
This problem can be addressed within a bosonization
approach, which is applicable as long as the the charac-
teristic energy scale of the problem is smaller than the
band width W . Thus bosonization provides a natural
framework for studying 1D excitons. In this work we will
consider anti-crossing of quantum Hall edge states in the
barrier region of between two 2D electron gases. Assume
that the applied magnetic field is sufficiently strong that
the system is spin-polarized with the filling factor ν = 1
and that the Fermi level is in the gap of anti-crossing
edge states. We find that the problem can be mapped
into a sine-Gordon (sG) model with an extra term rep-
resenting the long range Coulomb interaction. Due to
this extra term the model becomes non-integrable and
an exact solution is unavailable. However, the non-linear
cosine term of this sG model can be expanded provided
that δex ∼ v/v0lnW/t < 1, where v is the Fermi velocity,
v0 = e
2/ǫh¯, W = h¯v/a, and a is the smallest length
scale in the problem6. In this regime a perturbative the-
ory may be applied to calculate excitonic energies. Our
work also indicates that a large enhancement of band
gap occurs. Our perturbative approach suggests an ap-
proximate estimate for when an exciton instability may
occur: δex > 1 . (We cannot exclude the possibility that
the higher order corrections neglected in our perturbative
calculation may work against such an instability).
The system is modeled by the following Hamiltonian5
H = H0 +Hcoul +Ht,
H0 = v
∫
dx
[
− iψ†R∂xψR + iψ†L∂xψL
]
= πv
∫
dx
[
ρ2R + ρ
2
L
]
(1)
Hcoul =
∫
dxdy
[V (x− y)
2
(
ρR(x)ρR(y) + ρL(x)ρL(y)
)
+ V (x− y)(ρL(x)ρR(y))]
Ht = −t
∫
dx
[
ψ†R(x)ψL(x) + H.C
]
, (2)
The operators ψR(ψL) is the right-moving (left-moving)
edge electron operators. ρR =: ψ
†
RψR : is the (normal-
ordered) right-moving edge electron density operator
(ρL is similarly defined). In practice, we can take
V (x) = e
2
ǫ
1√
x2+a2
and the Coulomb matrix element is
V (k) = 2e
2
ǫ K0(a|k|). The tunneling between the right-
moving and left-moving is modeled by Ht. The tun-
neling amplitude t is assumed to be significant only
near the Fermi wave vector kF (The Fermi wavevector
is set to zero from now on). The cut-off value of the
wave vector is 1/a. Note that a single particle gap
opens up near the Fermi points due to this tunnel-
ing term. The commutation relations of density oper-
ators in momentum space are given by5 [ρR(q), ρR(q
′)] =
− q2π δq+q′ , [ρL(q), ρL(q′)] = + q2π δq+q′ The interacting
electron systems can be bosonized in a standard way.
The explicit relations between the electron operators and
the bosonic variable φR, φL are ρR =
1
2π∂xφR, ρL =
1
2π∂xφL, ψR =
1√
2πa
eiφR , ψL =
1√
2πa
e−iφL . It is conve-
nient to introduce the conjugate fields φ±: φ± ≡ φR±φL.
The effective bosonized action in imaginary time reads
S =
∫
dxdτ
[ v
8π
(
(∂xφ+)
2 + (∂xφ−)2
)
+
i
4π
∂τφ+∂xφ−
]
+
1
8π2
∫
dxdydτV (x− y)∂xφ+(x)∂yφ+(y)
− t
2πa
∫
dxdτ
[
eiφ+(x) +H.C
]
. (3)
The φ− can be integrated out, leaving us with
S =
1
8π
∫
dkdω
(2π)2
[
vk2(1 +
V (k)
πv
) +
ω2
v
]
× φ+(ω, k)φ+(−ω,−k)
− t
πa
∫
dxdτ cos(φ+(x, τ)). (4)
The above action looks very similar to the sG model7,
except for the momentum-dependent Coulomb interac-
tion V (k). If V (k) were momentum independent (local
interaction in real space), the action would be exactly
that of sG model. The Euclidean action of the sine-
Gordon model is given by7–9
ASG =
∫
d2x
[ 1
16π
(∂µφ)
2 − 2µ cos(βφ)
]
, (5)
where the speed of ”light” has been set to unity10. It
is useful to show the equivalence between the above sG
action and our action (4) for the short range interaction
(V (k) = V is constant). This is achieved by the relations
φ = φ+ [4(1 +
V
πv
)]1/4, β = [4(1 +
V
πv
)]−1/4,
µ =
t
πav(1 + V/πv)1/2
. (6)
From the above relations it is clear that the strong cou-
pling regime of the original electron system (large V )
is mapped to the weak coupling regime (small β)of sG
model.
Before we investigate the long-range case it is instruc-
tive to review some known the physical properties of sG
model, which is exactly solvable. The spectrum of sG
model consist of the breathers (Bn), the soliton, and the
anti-solition. The breathers are the bound states of the
soliton and anti-soliton7–9. The lightest bound state B1
coincides with the fundamental boson φ of the sG model
(5), and it is associated with the perturbative treatment.
The number of breather is given by n = 1, 2, 3, . . . < 1/ξ,
where ξ = β
2
1−β2 . Note that even for infinitesimally small
short range repulsion V , at least one breather exists. The
breather energy (excitation energy) is given by
m = 2M sin
πξ
2
, (7)
where M is the energy of solition. The parameter µ and
the soltion energy M are related through
µ =
Γ(β2)
πΓ(1− β2)
[
M
√
πΓ(1+ξ2 )
2Γ( ξ2 )
]2−2β2
. (8)
Note that in the β → 0 limit, M ∼ v2ρµ/β2 → ∞ and
m ∼ v2ρ(µ/β2)β4 ∼ v2ρµβ2 ∼ t/va, where ”the speed of
light” vρ has been reinstated for clarity
10. In other words,
in the large V limit the soliton becomes very massive and
leads to a large enhancement of the band gap. In con-
trast, the lightest breather energy approaches a constant
value given by the coefficient of the cosine term of Eq.(4).
In the absence of the Coulomb interaction the exact
value of the single particle gap should be t. However,
the bosonized action (4) contain the factor a , and it is
unclear how this factor disappears in the final result for
the gap. Let us try to understand how this happens. The
crucial fact is that the cosine term of the sG action (5) is
normal ordered and it gives the dimension to the cosine
operator. The exact results Eq.(7, 8)8,9 were obtained
with
µ2〈: cos(βφ(x)) :: cos(βφ(y)) :〉 → 1
2
µ2
|x− y|4β2 , (9)
as |x − y| → 0. In the absence of Coulomb interaction,
corresponding to β2 = 1/2 , the same correlation func-
tions (two-point function of tunneling term) can be com-
puted exactly when expressed in terms of electron oper-
ators
〈[tψ†R(x)ψL(x)][tψ†L(y)ψR(y)]〉 =
t2
|x− y|2 . (10)
The formal application of bosonization formula to this
electron tunneling term gives tπa cos(βφ) as in our action
(4). As it stands it is not normal ordered, and conse-
quently the short-distance singularity must be regular-
ized in the calculation of correlation function.(
t
2πa
)2
〈eiβφ(x)e−iβφ(y)〉 =
(
t
2πa
)2
exp
[
− β2(〈φ(0)φ(0)〉 − 〈φ(x)φ(y)〉)
]
. (11)
We have to regularize 〈φ(0)φ(0)〉 as 〈φ(0)φ(a)〉 = 2 ln L2a2 ,
where L is the system size. L always appears in the defi-
nition of propagator but they are canceled for the physi-
cal correlation functions (see below). Since 〈φ(x)φ(y)〉 =
2 ln L
2
|x−y|2 we obtain(
t
2πa
)2
〈eiβφ(x)e−iβφ(y)〉 =
(
t
2πa
)2
1
(|x− y|/a)4β2 .
(12)
Only at β2 = 1/2, the length scale a drops out. Com-
paring Eq.(9) with Eq.(12), the t can identified with µ.
2
Then by applying formula Eq.(8) at β2 = 1/2 , we find
that t = M , which is the expected result. The above
argument checks the consistency of the bosonization for-
mulation of our problem. We emphasize again, the above
results holds only if the Coulomb interaction is absent.
When the long range Coulomb interaction is present
the model becomes non-integrable and an exact solution
is unavailable. But, under certain conditions, the cosine
term of the action (4) can be expanded and excitons may
be studied perturbatively. (See the perturbative calcula-
tion below). Expanding the cosine term of (4) up to the
4th order, we get an effective action of exciton states.
S ≈ 1
8π
∫
dkdω
(2π)2
[
vk2(1 +
V (k)
πv
) +
ω2
v
+
4t
h¯a
]
× φ+(ω, k)φ+(−ω,−k)
− 1
4!
t
πh¯a
∫
dxdτ : φ4+ : . (13)
At this point, we note that the parameter tπa in action
(4) should be understood as a renormalized quantity. The
application of bosonization formula to the fermion bilin-
ear mass term assumes the implicit normal ordering11.
Such a normal ordering sums the tadpole diagrams12 (see
Fig.1) and the effect of the normal ordering is contained
in the cut-off parameter 12πa . Therefore, in the pertur-
bative expansion of cosine term we have to exclude all
the tadpole type diagrams, and then all other terms of
perturbative expansion are finite and well-defined. In
analogy with the sG model, we will associate the solition-
like (quantum) solution of (4) with the renormalized elec-
trons, and the breather-like φ+ mode with the excitonic
electron-hole bound state.
If the quantum correction due to φ4+ is neglected, the
zeroth order dispersion relation of exciton state can be
read off from the quadratic part of (13).
E(0)(k) = h¯
[
v2k2(1 +
v0
2v
ln
1
a|k| ) +
4tv
h¯a
]1/2
. (14)
The energy gap is given by
∆(0)ex =
√
4h¯tv
a
= 2
√
tW . (15)
Next, we compute the correction to the exciton excita-
tion energy due to the quantum fluctuation of φ4+ term.
The first such correction appears in the second order per-
turbation of φ4+. Because the φ
4
+term is normal ordered
there are no tadpole diagrams. Only the ”sunset” dia-
gram (see Fig.1) contributes, which is both ultraviolet
and infrared convergent.
(a) (b)
FIG. 1. (a) is one of the diagrams contributing to the
normal ordering, and (b) is the ”sunset” diagram. The solid
lines are the boson propagator 〈φ+φ+〉.
It contributes a negative correction to the gap as can
be checked by a simple calculation e−(∆
(0)
ex
)2φ2(1 +
λ2φ2〈φ3φ3〉) ∼ e−((∆(0)ex )2−λ2〈φ3φ3〉)φ2 , where λ ∼ t/πh¯a.
The symmetry factor of the sun-set diagram is 14!
1
4!4 · 4 ·
3 · 2 = 1/6. In terms of self-energy the sunset diagram
gives
Σ(iω, k) =
1
6
(
t
πh¯a
)2 ∫
dxdτ [D(x, τ)]3eikx+iωτ ,
D(x, τ) =
∫
dωdk
(2π)2
veikx+iωτ
ω2 + v2k2(1 + α2 ln
1
|k|a ) +
4tv
h¯a
. (16)
The excitation energy which includes the above quantum
correction is given by
∆ex =
[4h¯tv
a
− 8πh¯2vΣ(0, 0)
]1/2
. (17)
Write the above equation in the form
∆2ex = (∆
(0)
ex )
2
[
1− Σ(0, 0)
t/(2πh¯a)
]
. (18)
The second term in the bracket of Eq.(18) is the quan-
tum correction in the dimensionless form. Explicitly,
(y1, y2, η1, η2 are dimensionless).
δex =
Σ(0, 0)
t/(2πh¯a)
=
1
4π
∫
dy1dy2
[
D(y1, y2)
]3
,
D(y1, y2) =
∫
dη1dη2
(2π)2
eiη1y1+iη2y2
4 + η21 + η
2
2f(|η2|)
, (19)
where f(|η2|) = 1 + v02v ln[ 1|η2|
√
W
t ]. We may extract the
effective expansion parameter by rescaling. It is easy to
see that
δex ∼ δΣ(0, 0)
t/(2πh¯a)
∼ v/v0
lnW/t
. (20)
We note that, in the perturbative regime δex → 0 the
excitation energy approaches the value of the coefficient
of the cosine term. This same feature also appeared in
the exactly solvable sine-Gordon model. Our perturba-
tive treatment for the excition states is thus valid when
δex < 1. This result suggests the possibility that when
δex > 1 is satisfied exciton instability may occur. How-
ever, we cannot exclude the possibility that the higher
3
order corrections neglected in our perturbative calcula-
tion may prohibit such an instability.
The action Eq.(4) supports topological soliton excita-
tions due to the topologically inequivalent vacuum of the
cosine potential7. Thus, we can not use the perturbative
expansion of the cosine term in the study of the solition
excitation. The original sine-Gordon model can be solved
exactly, and the energy gaps of soliton and breather are
known exactly (see Eq.(7), Eq.(8))7,9. Our action (4) is
not exactly solvable, and here we will give only an es-
timate of the gap of soliton excitation. In estimating
the gap of soliton excitation, it is sufficient to consider
the static solition. In our perturbative regime we may
neglect 1 compared to V (k)πv . Then, in real space, the
energy functional for static solution reads
E[φ+(x)] =
1
8π
∫
dxdy
e2
ǫ|x− y|∂xφ+(x)∂yφ+(y)
+
t
πa
∫
dx(1 − cos(φ+(x)), (21)
(A constant term is added to make the expression pos-
itive definite). We define a dimensionless variable x¯,
x¯ = x
(
t
e2ǫa
)1/2
= x
(
t
Ec
)1/2
1
a . Then, the energy func-
tional becomes
E[φ+(x)] =
√
e2t
ǫa
[ 1
8π
∫
dx¯dy¯
1
|x¯− y¯|∂x¯φ+(x¯)∂y¯φ+(y¯)
+
1
π
∫
dx¯(1 − cos(φ+(x¯))
]
. (22)
The coefficient in front of bracket has the dimension of
energy and it gives a characteristic gap scale of solitions.
The ground state, which sits at a minimum of the cosine
potential, has zero classical energy. The soliton excita-
tion connects two adjacent classical ground states, and
according the above estimate the gap of solition EG is
of the order
√
e2t
ǫa =
√
Ect. Since we expect Ec >> t
the Coulomb interaction enhances the value of band gap
significantly.
In summary, we have studied excitons in 1D narrow
gap semiconductors of two anticrossing quantum Hall
edges. According to our perturbative approach the exci-
ton state may lie in the gap when δex < 1. Our study
indicates that many body interactions enhances the value
of band gap significantly. Our result suggests that an ex-
citon instability may occur when δex ∼ 1. However, it
is desirable to calculate how the higher order corrections
neglected in our perturbative calculation may change this
condition. The actual values of v, and t in anticrossing
edges states are not known well and it is difficult to es-
timate precisely the actual value of δex
13. Experimental
observation of excitons and the investigation of exciton
instability would be most interesting.
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